We consider quantum energy teleportation (QET) protocols in a three-element Ising spin system with non periodic boundary conditions coupled to a thermal bath. The open chain is the minimal model of QET between two edge spins that allows the measurement and operation steps of the QET protocol to be optimized without restriction. It is possible to analyze how two-body correlations of the system, like mutual information, entanglement and quantum discord, can be resources of this QET at each temperature. In particular, we stress that mutual information and quantum discord are not the QET resource in some cases even if arbitrary measurements and operations are available.
INTRODUCTION
Quantum Energy Teleportation (QET) [1] [2] [3] is a three step protocol, based on local operations and classical communication, that transfers local energy between physically separated components of a system in an operational sense. Since the speed of extraction is limited by the classical communication, the protocol is consistent with causality. In a QET protocol the energy conservation holds due to the generation of a region with negative energy density.
The protocol has been previously studied for the case of a quantum field [2] and general spin chain systems [4] . Although, in many body systems, the passivity of the ground state does not allow energy extraction by any local operation; with the QET protocol, it is possible to extract zero point energy by local operations and classical communication. QET may play an important role in energy transfer within nano-scale devices, including quantum computers, though it is not evidently useful for energy transfer at macroscopic scale because the amount of teleported energy decreases with increased distance between spins. An experiment to verify QET using edge channel currents in a quantum Hall system has been proposed [5] .
A simple toy model with a two qubit chain with nondemolition measurements of the interaction Hamiltonian has been discussed in [6] . Additionally, in the twoparticle system coupled to a thermal bath with temperature T [7] , quantum discord is seen to act as a resource for QET at high temperatures. Note that the two-spin model imposes a severe limitation on QET optimization problem of local measurements of energy-sender qubit. Only non-demolition measurements are available, which do not disturb the potential term between the two spins. To avoid the limitation of available measurements, we consider a three-spin open chain model and QET from * jose@tuhep.phys.tohoku.ac.jp † hotta@tuhep.phys.tohoku.ac.jp one edge spin to another edge spin in this paper. The optimal measurements of energy-sender spin and optimal local unitary operations of energy-receiver spin, which provide the maximal amount of teleported energy, are determined in the ground-state case and finite-temperature case. The maximum teleported energy is compared to various two-body correlations between two edge spins, including quantum mutual information, quantum discord [8, 9] , concurrence [10] , and negativity [11] .
For low temperature regimes, negativity and concurrence are well correlated with the amount of optimal teleported energy and can be regarded as QET resource. However, for high temperature regimes although the negativity and concurrence vanish at some critical temperature; energy teleportation is possible. In this case, nonentanglement resource like quantum dissonance yields high-temperature QET as in the two qubit model [7] . On the other hand, we found that the optimal teleported energy becomes zero in some cases at zero and finite temperature, where negativity and concurrence are exactly zero, but quantum discord and mutual information are present. This implies that quantum discord and mutual information cannot become QET resource of this system at this regime. In other words, we found a regime where there are quantum correlations between the edge spins but energy teleportation is not possible. This paper is structured as follows. Section II introduces our three-particle model and also outlines the derivation of the teleported energy when using projective measurements; the supporting calculations are given in the appendices. Section III explores the relationship between the QET protocol's efficiency and the degree and type of quantum correlations in the system. Section IV contains a detailed study, using the most general measurements that can be applied to the system, of the regime in which no teleported energy is possible, even though there are quantum correlations. Section V offers our conclusions.
II. THREE QUBIT MODEL
Consider a system of three spin 1/2 particles, whose labels are 1, 2 and 3 respectively, with Hamiltonian:
The model resembles the Ising chain model in a transverse magnetic field for only three elements in the chain, without the interaction term corresponding to the periodic boundary conditions associated to a ring topology. The σ operators are the Pauli operators, κ is a dimensionless parameter that takes real values and represents the relative strength of the coupling between spins and the intensity of the magnetic field, and λ, also a dimensionless parameter, represents the strength of the coupling of the spin of particle 2 with the transverse magnetic field. The presence of these two parameters in the model allow us to study the two main factors in order to teleport energy; the amount of correlations between subcomponents of the total system, and the capability to generate local negative energy density around subsystem B after Bob's operation. If we restrict Bob to perform measurements on particle 3, then it's local Hamiltonian is independent of λ
Therefore, though the parameter λ is unrelated to the generation of local negative energy at particle 3, it is related to the correlation between particles 1 and 3. In fact, for λ → ∞ the total Hamiltonian reduces to the z component of particle 2, meaning, in particular, that particles 1 and 3 become uncorrelated. The parameter λ also dictates the degeneracy of the system; when λ = 0 the system is completely degenerated (because in this case the Hamiltonian (1) commutes with σ 2,x ) and nondegenerate otherwise. On the other hand, the κ parameter is related to the generation of local negative energy, since it is present on Bob local Hamiltonian (2) and to the correlations since physically represents the coupling between spins, in other words, in the limit κ = 0 there are not correlations. Specifically, fixing a value of κ while changing the parameter λ is equivalent to study the effect of only the correlations of the system in the energy teleportation.
Since the Hamiltonian is dimensionless, so are the eigenergies [Appendix A]. If the three particle system described by equation (1) is weakly coupled to a thermal bath with temperature T, the state of the system will be given by a Gibbs state [Appendix A]. Since the Eigenergies are dimensionless, so it is the temperature parameter T.
Let the three-particle system be partitioned into two subsystems, A and B, such that Alice and Bob, respectively, can make measurements on (just) A and B. The QET protocol can be applied to the system as follows:
Alice performs a projective measurement on subsystem A with output α (±1).
Where the label A can refer to qubit 1, 2 or 3 and r A is a unitary vector to be chosen such as the maximum amount of teleported energy is achievable. Due to the strong passivity of the ground state, this measurement injects energy E A into the system. On the other hand, for a finite temperature T, the Gibbs states of a finite quantum system are strong locally passive, in other words; any local operation, measurement included, will introduce further energy into the system below a critical temperature specific to the system and subsystem [12] . An additional condition for Alice operations is necessary in order to avoid direct energy input into Bob's system.
Where V AB is the interaction term between Alice and Bob system. Note that in the case Alice measures only qubit 1, and Bob qubit 3, the equation (5) is satisfied by the most general measurement M A , since there is no interaction term V 13 on the Hamiltonian (1). This is the main difference between the three qubit and the two qubit system, and will be the case in which we will the results of Section III will be based. On section IV we will work with more general measurements involving the two qubits 1 and 2.
On the the second step of the QET protocol, Alice announces the measurement result α to Bob via a classical channel. The time evolution of the system was neglected since it is assumed that the speed of the communication is greater than the energy diffusion of the system.
On the final step of the QET protocol; Bob performs at subsystem B a local operation U B (α) dependent on Alice's result α. The measurement generates negative energy −E B on subsystem B, which is equivalent by energy conservation that the measurement yields a positive energy +E B . With the eventual cool down of the system the input energy E A will compensate the local negative energy −E B .
Where r B is a vector chosen such as the maximum amount of teleported energy is achievable. In general, the label B can refer to qubit 1, 2 or 3, with naturally A = B; however from now on Bob will be restricted to perform measurements only on qubit 3.
If the system is in equilibrium with a thermal bath a temperature T, the state of the system will be given by a Gibbs state ρ = ρ(T) [Appendix A]; then the energy input E A by Alice's measurement is given by:
On the other hand; the average energy loss of the system after the QET protocol, in other words the average amount of teleported energy E B , can be calculated as the difference between the average energy after Alice's operation and after Bob's operation.
In order to qualify the effectiveness of the QET protocol, we introduced the efficiency η, which allows us to compare dimensionless amount of energies, without specifying the energy scale of the system.
III. PROJECTIVE MEASUREMENTS RESULTS
The main result of this paper was obtained for the case in which we restrict Alice's measurement to qubit 1, and Bob's measurement to qubit 3. By using the results of the Appendix [A], for the functions A, R, B, functions of the Temperature T and the parameters κ, λ; the teleported energy can be written as:
The optimization of E B in (11) was done by the criteria of the second partial derivatives and the Hessian matrix, together with numerical calculations. The maximum amount of teleported energy is obtained when θ = π/2, φ = π/2 which implies a projective measurement of σ 1,y by Alice, and δ = π/2, γ = 0 which implies that the unitary operation of Bob is related to σ 3,x . Substituting those values on equation (11), and optimizing the last parameter r; the maximum amount of teleported energy is given by:
Since a separable ground state leads to zero teleported energy [6] , it is thought that quantum correlations, particularly entanglement, are necessary in order to have teleported energy. Therefore the quantum correlations must be studied in detail. The measurements of entanglement that were calculated are the concurrence [10] and the negativity [11] . However since both measurements only quantify the amount of entanglement, and there are other quantum correlations different from entanglement, we also calculated the discord [8, 9] . Quantum discord measures the totality of the quantum correlation, entanglement and otherwise, between two components of a quantum system. In particular, focusing on particles 1 and 3, the discord associated with measurement on particle 1 can be calculated analytically [appendix B]. Figure 1 compares the teleported energy and the quantum correlations in the ground state (T =0). The expressions for the quantum correlations can be seen in appendix [B] . The teleported energy E B , the quantum discord − → D 13 (ρ 13 ), the concurrence C(ρ 13 ) and the negativity N (ρ 13 ) show the same behavior. In the no-coupling limit κ → 0, in which no quantum correlation exists, no energy teleportation is possible. On the other hand, when λ = 0, the Hamiltonian of the system (1) commutes with the operator σ 2,x , therefore all the eigenvalues are degenerated [appendix A]. Taking explicitly this limit on equation (14), since the function R is always positive for every value of λ, κ and T, and A(0, κ, T) = 0 [appendix A]; then when λ = 0 it is not possible to teleport energy. This is a remarkable feature because at λ = 0 some quantum correlation still exists between the two edge particles (figure 2). The classical and quantum correlations are different from zero in a large region of the phase space (κ, T ). The correlations are exactly zero only when κ = 0; this corresponds to the limit of zero coupling between spins. In other words, even though there are correlations and we perform the most general projective measurements that can be applied to the system; it is impossible to teleport energy in the limit λ = 0.
Even further, a detailed study of the negativity N (ρ 13 ) and the concurrence C(ρ 13 ) shows that for λ = 0 there is not entanglement between qubits 1 and 3. Therefore the quantum correlations that appear on figure 2 are not related to entanglement between the particle 1 and 3. In other words, even though there is dissonance, quantum correlations without entanglement, it is not possible energy teleportation. This result is in contrast with the ones of the two qubit chain [7] , in which quantum Dissonance is a resource for QET. On figure 3 the behavior of the negativity N (ρ 13 ) and the concurrence C(ρ 13 ), as a function of the λ parameter for T =0 and two different values of the coupling parameter κ = {1, 10}, among the teleported energy E B and the quantum discord − → D 13 (ρ 13 ) and mutual information I(ρ 13 ), can be found. In contrast with the negativity, concurrence, and the teleported energy, the discord and the mutual information are different from zero when λ = 0. Also it can be seen that a large amount of teleported energy is associated to larger values of the coupling parameter κ, limited to a non large λ, in other words a region of the phase space in which the interaction term of the Hamiltonian (1) and the λ term have meaningful contributions that are not overlapped between each other. Figure 4 shows: teleported energy, quantum discord, concurrence and negativity for Temperature T =1. Similar to the case of the ground state, it is not possible to teleport energy in the limit κ = 0, no correlations, and in the limit λ = 0. Furthermore, similar to the case of T =0; in the region of large λ, and small κ, in other words the region in which the Hamiltonian of the system (1) can be approximated to be only the z component of particle 2, the value of teleported energy is reduced due to the decrease of the entanglement of the subsystem. As can be seen by comparing with the case of T =0 (figure 1), the phase space, in which it is possible to obtain the larger values of teleported energy, shrinks with the increase of the temperature. This is a consequence of the decrease of the correlations, specifically entanglement, a natural behavior for quantum correlations.
With the increase of the temperature, the region of the phase space (κ.λ) in which there is not entanglement expands from only λ = 0 and κ = 0 at T = 0 to a non trivial region whose area increases with the temperature. On the other hand, the teleported energy E B and the quantum discord are different from zero in all the phase   FIG. 3 . To the left: for T =0 and κ = 1 teleported energy EB (top), measurements of entanglement (middle) negativity N (ρ13) (purple) and concurrence C(ρ13) (orange); (bottom) mutual information I(ρ13) (blue) and quantum discord D13(ρ13) (red); to the right: for T=0 and κ = 10 same quantities as in the left column space (κ.λ). On the left column of figure 5 we can observe for T =1 and κ = 5 the same behaviour of the teleported energy, measures of entangled and correlations; as in the case of the ground state; meaning that only the quantum discord is different from zero in the limit of λ = 0. On the right column of the same figure it can be seen that in the large temperature limit, for λ = 10 and κ = 2 the quantum dissonance, and not entanglement, is the resource of the QET protocol, similar results to the ones found on reference [7] for the two qubit system. Nevertheless, since we are working with a energy dimensionless Hamiltonian, in order to fully appreciate the advantages of the QET protocol, it is necessary to calculate the efficiency η. In order to do so, it was also necessary the amount of energy that becomes the input of the protocol. Using the same optimization parameters from which the teleported energy was calculated (equation 14), the input energy E A can be calculated:
The definitions of the functions R and B [A25] make this quantity to be always positive for any value of the parameters λ and κ and for any temperature T; a necessary condition in order to obtain energy teleportation. The efficiency η of the QET protocol can be seen on figure 6 for two different temperatures T =0, and T =1. The maximum efficiency occurs in the case of the ground state, with a value of the order of 6%. Similar to the teleported energy and the quantum correlations, for non-zero temperature, the maximum efficiency decreases with the increase of the temperature. The decrease of the correlations (figures 1 and 4) brings also the reduction on the phase space of the system in which the QET protocol can be applied efficiently. For T =0, Gibbs states are strong local passive, in other words, no energy extraction is possible by local operations; therefore even with an efficiency of 6%, the QET protocol offers the possibility of energy extraction from the system.
IV. GENERAL MEASUREMENTS FOR λ = 0
In this section we will study in more detail the behavior of the system when λ = 0. Let it be K A (α) the most general measurements that Alice can do to the system of the two qubits 1 and 2, while satisfying the no energy input into qubit 3; a condition like equation (5) .
Where a, b, c and d are complex coefficients that depend on the measurement result α. Since these are general measurements, the result α is not restricted to take the values of ±1, as it was on the case of projective measurements. In fact, the α label in this case represents two possible results α 1 and α 2 that can be obtained from the measurement of qubit 1 and 2 respectively. In addition, 
(17) Where the dependence of Alice's Measurement result α is contained in the real vector r α = r αrα . Then, similar to equation (9) , the average teleported energy can be written as:
Where ρ is the Gibbs state of the system given by equa-tion (A20) and H B (equation 2) is the local Hamiltonian around Bob. Since Bob's operation is a unitary operation (equation 17), then the teleported energy can be written in terms of the amplitude of oscillation r α as:
By explicit calculation of A α , without specifying the α dependence of the coefficients a, b, c, d and the components of the unit vectorr, it can be shown that A α = 0 on the limit when λ = 0. To prove this result it is necessary to use the equations (A26 − A28) that can be found on the appendix A. Therefore in this limit the teleported energy can be written as:
As can be seen from the previous equation the sign of the teleported energy on the limit λ = 0 depends only on the coefficient B α . If this one is always positive, then energy teleportation is not possible. Let us define from the coefficients of the general measurement K A (α) on equation (16) 
t where the t represents the transposition operation and the α dependence has been omitted for simplification of the notation. Similarly, let us write the unitary real vectorr α as a column vector R = (r 1 ,r 2 ,r 3 ) t ; where again the α dependence has been omitted. Then let us define the matrices of operators M βγ and O jk , independent of α, with the indexes β and γ from {1, 2, ...8} and jk from {1, 2, 3} such as:
Then the coefficient B α can be written as
Where the sum over repeated indexes is implied. Since the vectorsR and V depend on the measurement result α; then let us assume that it is possible to chose them such asR ⊗ V is an eigenvalue of the 24 × 24 matrix P with elements given by
Then to study the positivity of the coefficient B α it is necessary to calculate the eigenvalues of P.
Where the matrices p 0 and p 1 (A31) are 8 × 8 complex matrices. The eigenvalues of P are eight times degenerated each, and they are given by:
Where C 1 (A29) and C 2 (A30) are two real positive functions with C 1 − C 2 √ 1 + κ 2 > 0. Therefore, all the eigenvalues are positive, which implies that it is impossible to teleport energy, not even with General Measurements. This is a remarkable result, since at the limit λ = 0 there are quantum correlations that should act as the resource for the QET.
V. CONCLUSIONS
We applied the QET protocol to a three spin open chain model, from one edge spin to the other edge spin. We calculted an optimal QET protocol using projective measurements, defined such as the maximum amount of teleported energy is obtained, for the ground state and finite temperature case. For this optimal QET protocol, we obtained an efficiency of the order of 6% in the region in which it is not possible any energy extraction by local operations due to the strong local passivity of the Gibbs states for T =0. As opposed to local energy extraction by general operations, the QET protocol allows to extract energy for every value of T κ and λ with the exception of λ = 0.
We found that the negativity and the concurrence between the edge spins are exactly zero in the case λ = 0. Even further, we proved that employing the most general operations to the system it is impossible to teleport energy in the case of λ = 0. Even though there are quantum correlations, different from entanglement, no energy can be teleported, in contrast with the regime of high temperatures and λ = 0 in which it is possible to teleport energy due to the quantum dissonance. The spectrum of the Hamiltonian of equation (1) is composed by eight eigenvalues:
Where it was defined:
The Eigenvalues are symmetric with the exchange of κ with −κ. For λ > 0 the lowest eigenvalue is E 0 , on the other hand for λ < 0 the lowest eigenvalue is E 1 . For λ = 0 the system described by equation (1) is completely degenerated, and the energies are
This degeneracy of the ground state only occurs on the physical limit of λ = 0. For any value of λ; the Eigenvalues E 2 and E 5 the corresponding Eigenvectors are:
The eigenvectors |E AC are associated to the Eigenenergies E={E 1 , E 3 , E 7 }.
Where the Normalization constant N AC and the probabilities amplitudes A, C are functions of the associated Eigenvalue E.
On the other hand, the eigenvectors |E DF are associated to the Eigenenergies E = {E 0 , E 4 , E 6 }, solutions of the same equation as the Eigenvalues associated to |E AC with the exchange of λ with −λ.
In particular for λ = 0 due to the degeneracy of the system (A6) it is possible to rewrite the Eigenstate for the ground state |g as a linear combination of |E AC with energy E = E 1 and |E DF with energy E = E 0 :
Where one of the coefficients a and b will be determined by the normalization condition. This is possible since on this limit E 0 = E 1 = −2 √ 1 + κ 2 , and a linear combinations of eigenstates of a Hamiltonian with the same Eigenvalue is also an Eigenstate of the Hamiltonian. Considering that the Hamiltonian (1) commutes with the Pauli operator σ 2,x it is possible to have a common base of Eigenstates for both operators; then after a few calculations it is possible to prove that:
Where the subsidences after the kets are related to the particle label. The probabilities amplitudes, in terms of only D and F evaluated for λ = 0 and E = E 0 , are given by:
In other words the ground state of the system can be written as a totally separable state in the limit of λ = 0. If the ground state is given by equation (A14), then there is not entanglement or classical correlations between qubit 1 and 3. This is possible since this ground state was constructed as a linear superpositions of ground states, with the correct coefficients a and b. However, assuming that it is possible to achieve the limit T =0 and λ = 0, in the case that both parameters are gradually decreased, the ground state of the system will be given by |E DF with E = E 0 = −2 √ 1 + κ 2 for λ = 0, a non separable state. Similar calculations are possible for the remaining six eigenstates associated to the Energies E = 0, 2 √ 1 + κ 2 . Therefore, since the system is degenerated, the lack or presence of correlations between the spins 1 and 3, for the case λ = 0 will depend on the state in which the system chose to be.
If the system of the three particles is weakly coupled to a thermal bath at temperature T ; then the probability that the system has an energy E will be given as:
Where the Temperature T, similar to the energies is a dimensionless parameter, and Z is the partition function in the canonical ensemble. The state of the system of the three particles in thermal equilibrium at temperature T, on the computational basis {|000 , |001 , ...., |111 } and the partition function Z are given by:
Where the F i = F [f i ] and J i = J[j i ] for i={1, 2, 3, 4, 5, 6} are functionals of f i (E) and j i (E) functions, that are associated to the group of Eigenenergies {E 1 , E 3 , E 7 } and {E 0 , E 4 , E 6 } respectively. The functional, which will also depend on the probabilities p j of the canonical ensemble (A18), are defined as follows:
The functions f i and j i are build with polynomials of the Eigenvalue E. In order to obtain the most simple representation of those functions, the characteristic equation for each set of Eigenvalues ({E 1 , E 3 , E 7 } and {E 2 , E 4 , E 6 }) was used. The functions were found to be as follows:
Since the Eigenergies E 0 , E 4 , E 6 are obtained from E 7 , E 3 , E 1 with the change of λ → −λ, and the same for the functions j k (E) from f k (E); then any expression containing both functional on the form F k ± J k for any k=1,2,...,6 is symmetric under the exchange λ with −λ. On the other hand, with respect to the coupling parameter κ: F 2 , F 5 , J 2 , J 5 are odd functions, while the rest are even functions. For all values of λ, κ and T the functions F i and J i satisfy
With the definitions of the F and J functionals, the following even functions with respect to both parameters κ and λ were defined
Through numerical evaluation and analytical calculations it was verified that 0 ≤ R(λ, κ, T) ≤ 1 and B(λ, κ, T) < 0 for all values of the coupling parameter κ, λ and finite temperature T. In particular for λ = 0, as can be done by analytical calculation, the function A(0, κ, T ) = 0 since the functionals satisfy:
In this limit of λ = 0 it is convenient to define also the functions C 1 = F 6 − F 1 and C 2 = F 1 − 2F 3 + F 6 − 2p 2 =; which can be written as:
As it can be seen both functions are always positive for any value of the temperature T and the coupling parameter κ. In addition, they satisfy
To end this appendix we will define the two matrices that were build with the previous functions:
Where the eigenvalues λ i,N are the eigenvalues of ρ
13 . Due to the symmetry of the X states, the partial transpose with respect to qubit 1 of the state ρ 13 is obtained by the exchange of the elements (a) on the antidiagonal: a 14 with a 32 , and a 23 with a 41 ; which is equivalent to exchange c 2 with −c 2 . By taking the limit λ = 0 it is possible to prove analytically that the eigenvalues λ i,N are all positive for every value of the coupling parameter κ and the Temperature T; therefore there is not Entanglement between qubits 1 and 3.
The Quantum Discord [8] [9] is a measure of the non classical correlations between two subsystems of a quantum system. The Discord include all the quantum correlations, and not only entanglement. In mathematical terms the quantum discord − → D 13 (ρ 13 ) is defined as the difference of the quantum mutual information I(ρ 13 ), which contains all the classical and quantum correlations between the subsystems, and the classical correlations J(ρ 13 ), which contains all the information that can be obtained through local measurements on one of the subsystems. 
Where S(ρ) = −Tr [ρ log (ρ)] is the Von Neumann Entropy. The reduced density matrices ρ 1 , ρ 3 are obtained after taking the partial trace of the state ρ 13 with respect to subsytem 3 and 1 respectively. 
With the following definition, and the eigenvalues λ i of ρ 13 the mutual information can be written as:
h(x) = 1 + x 2 log 2 1 + x + 1 − x 2 log 2 1 − x (B8) I(ρ 13 ) = 2h(r) +
To calculate the Discord − → D 13 (ρ 13 ) it is necessary a maximization over all possible measurementsΠ 1 over subsytem 1; the maximization is introduced to eliminate any dependence of the Discord with respect to the measurements. The calculation of the classical correlations maxΠ 1 {J(ρ 13 )} is similar to the one on reference [7] . Let it beΠ α 1 the local projection measurements to be applied on qubit 1. The eigenvalues λ α of ρ α were found to be: 
The Quantum Discord − → D 13 (ρ 13 ) will be obtained by the sustraction of the mutual information (B9) and the classical correlations (B11). A similar calculation can be done to obtain the quantum correlations when the measurements are done on qubit 3. It was found that the Discord is symmetric for the system defined by ρ 13 .
